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ABSTRACT

Portfolio Selection — A Technical Note

This note develops the solutions of the static portfolio optimization problem in
explicit matrix form. Three cases are contemplated and connected, with the derivation of
relevant corner solutions: the unconstrained problem in the presence of risky assets only,
the constrained one, and the presence of a risk-free asset. The use of a generalized form for
the budget constraint allows us to use the structure to study the behavior of a complete
borrower — subject or not to liquidity constraints — and infer the price of pure risk.

Some properties of the several solutions are highlighted. The rationale for a linear
relation between the standard deviation and the expected return of the unitary application in
an efficient portfolio is derived. Requirements for useful existence in the market of any
given security are established. Additionally, we infer the expected co-movement properties

of efficient and the global market — or any other — portfolio.
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Portfolio Selection — A Technical Note

“the weight of gold for all golden vessels for each service, the weight of silver
vessels for each service, the weight of the golden lampstands and their lamps, the weight of
gold for each lampstand and its lamps, the weight of silver for a lampstand and its lamps,
according to the use of each lampstand in the service”. In 1 Chronicles, 28: 14-15.

1. Introduction. Usually, the finance literature 1 does not provide an explicit
matrix form solution for the mean-variance efficient portfolio associated to the Markowitz
(1952 and 1959) and Tobin’s (1958) model, or its equilibrium version Capital Asset Pricing
Model 2. The exceptions — as Campbell, Lo and MacKinlay (1997) - do not explore the
corner solutions. It is the purpose of this note to circumvent such shortcoming: unlike
previous literature, we rely on a generalized budget constraint, which allows a clearer study
of the implications of introducing borrowing, in particular, full borrowing. Along the text,
we note properties of the optimal solutions and connect the several results, stating the
relevant market line boundaries for their applicability.

We start by the unconstrained problem — stated in section 2 in its primal and dual
forms -, where we also explore some properties of un-held securities. In section 3 we
introduce the risk-free asset and the budget constraint; borrowing at the risk-free rate
naturally arises a special case. The constrained borrowing setting is then solved for in
section 4. Section 5 exploits the generalized budget constraint in order to represent full
fund borrowing — which allows us to derive a measure of the price of pure risk. Section 6

concludes interpreting the market betas.

2. Unrestricted Funds. Admit that in the market there are n assets. Each of them,
1, 1s present in the market in such a way that u; denotes its aggregate yield in the period —u
denotes the corresponding column vector and p its expected value. The covariance matrix

of those n aggregate returns is known, a symmetric positive-definite matrix V, with generic

element Sij- The n returns - corresponding to n different assets - or any linear combination

of them, are never perfectly correlated: they belong to the maximum number of existing

assets with which a non-singular matrix V can be constructed.

I particular, textbooks: Brealey and Myers (2003), Cuthbertson (1996), Wilmott (2001). Nor more
theoretical and uncertainty oriented: Hirshleifer and Riley (1992), Laffont (1989).
2 See Sharpe (1964), Lintner (1965) and Black (1972) among others. Duffie (1991) presents a recent

version and overview of similar material.



An efficient portfolio is going to be considered one that exhibits minimal variance
for given expected return. Denote by W. the fraction of (total existing in the market) equity
1 contained in a given portfolio and W the corresponding column-vector. Of course, the
“market portfolio” was defined in such a way that wM - L, where L denotes a column
vectorof 1’s: L’ =[1 1 ... 17. Consider that a (minimal) mean return of a is sought —
related to the global amount an investor wants to apply - and the objective is to diversify

the portfolio composition — choosing a suitable vector W, W - in such a way as to

minimize the global variance. That is:

(1) I\/\Lin W VW
st. WwW2>a
W.20,W, <1

The previous problem is a conventional quadratic programming one 3, and the
optimal solution should obey Kuhn-Tucker conditions if corner solutions are to be binding
4. We will use the principles behind both to derive an explicit form for as well as properties
of the optimal portfolio weights, W_ .

Let us assume that non-negativity constraints are satisfied in the optimal solution —
all assets are required to insure minimum variance; the constraint is going to be met in
equality and does not exhaust the market. Then, the optimal solution will minimize the

Lagrangean:
I\VCIiln LOW,A) = W VW + A(a - &’ W)

where A denotes the multiplier that must be non-negative. F.O.C. imply 5.

(2) L =2W YV -Ap = 0(a(lxn)vector)
ow
oL
3 — =oao - W W = 0(ascalar
3) PY) H ( )
Transposing the first condition and solving for W, we derive:
(4) W = % A Vin

3 See Taha (1982), p. 776-780, for example. Also, problem 4-Q, p. 67, of Intriligator (1971), referring
Markowitz (1959). The objective function is convex, the restrictions are linear so S.O.C. are satisfied.

4 See Taha (1982), p. 753-757, for example.



As W W= % AW vl pn = a for the constraint to be satisfied, the multiplier A,

representing how the optimized minimand (the minimum variance) responds to (a unitary

increase of) the required earnings o in the optimal solution:

5) =2 vyt - W V)
o

Replacing in (4):

(6) W, =Vv'iu@wv'pla

W is proportional to o, the required return. The relative weights of the n assets in

a

an optimal portfolio are mean (o) invariant ©:
* -1
™) W Vo
L'W, L'V u

(w vl 1) is positive, once V is positive-definite; hence, as the sum of (and each
of...) the controls must be positive, L’ W >0, - using (6) - L’ vl u is also positive.

The minimum variance of the optimal portfolio is then:

®) ol =W VW, = wVv'ipla
Its standard deviation is going to be proportional to the expected value of required
return, o 7.
© o, = wV'iw'?a
Notice that:
%2
(10) 2 =2 %
a
To increase the expected return of an efficient portfolio by one unit, the optimal
o . . . do.” 1
portfolio will see its variance proportionally increased by (: using (8), Ia - =2 (W
G{Z

v u)'l o %; replacing (8), we obtain) 2
o a

a

5 We follow Dhrymes (1978) conventions with respect to notation in matrix differentiation. The
generalized interior solution for the quadratic programme is depicted in Appendix 1; it can be also be
developed from the matrix partition form of the system - see Lange (2004).

6 These weights would have a more adequate meaning if the problem is stated so that p and V measure

mean and covariances of monetary units of the n assets. See below and footnote 10.



. As is well-known, the results could have been derived from the (in economics
jargon) dual problem — maximization of the expected return with portfolio variance not
exceeding a given threshold, call it o, 2.

MWaX ww
st. WVW < g2

W, 20,W, <1

with lagrangean: I\\{Ivax LW,y) = wW + y(a;2 -WVW)
e
It is straight-forward to derive that the optimal W_ will be those of (6) with a

replaced by (9): as a function of the required minimum variance,
(11) w, = vipwvtipy?oe;

o

At a value of o, obeying (9), W. ’u = a, and the two solutions, W  and W_,

coincide. Also,

1 o oW
(12) = — WV ==k
20 ao_a

a

and equals /11 of (5) if we replace a according to (9). We will keep form (1) in

o

the several sections.

. * . .
. If some of the controls in W, derived as above are negative, we can always

replicate the solution discarding them one at a time out of the basket W and retry 8.
Eventually, we will attain the securities of the internal solution, which must be mixed as the
n above.

In the optimal solution in which asset r reaches the corner, the r-th equation in
system (2) will hold in inequality in such a way that: 2 whe V#r > LM* u,, where . is the
expected return of r, W is the optimal portfolio vector, enlarged to include W * = 0, and
V#r denotes the r-th column of an enlarged “V” matrix, also referring the “idle” asset r.

W V#r =W’ V. =V/ W * where V. contains the covariances of r with all other n

assets. Then, for an idle asset — bound to disappear, once no one would hold it; or

investment projects that will not be carried out:

7 See Tobin (1958), p. 84, expression (3.25).
8 See Taha (1982), p. 751, for a stepwise recommendation to approach the optimal solution of generic

problems of the same kind.



(13) 2W,V,. > Ao, or p <V Vip

As a corollary, one concludes that for an asset r not 9 in the set of n assets that

enter V to survive in the market
(14) M= Vo Vha

That will be required if it is interchangeable with one, or replicated by a linear

combination of the n assets of the efficient portfolio. The expression states the mean of
assetr, E[u ]=p asa linear combination of the means of other active assets in the efficient

portfolio; then, if also u. =V’ vy, for an existing security not in the efficient portfolio,

r

(14) holds and:
(15) Var(u) = V.’ V1V,

. The math would fall through if p and V referred mean vector and variance-
covariance matrix of unitary money units of the n market assets 10. In such context, no

assumptions are made with respect to the required budget, L’ W - funds are assumed
unlimited, or L’ W is the required investment to attain return o with minimum variance —

per unit of o, the required investment is
LW, o=@V w/ @V
If there are limited funds, g, provided L’ W, < g, i.e., using (6), if the required

return per unit of investment, o’ is smaller than o’#:
'W
(16) alg=o < ot = (Vv =S
L'W,
the previous solution holds. If not, a constrained solution must be sought. o'# is,
W,

'

of course equal to - using (7), - the expected return of the unit of investment in the

optimal “risky assets basket” — the shares of which, by (7), are independent of o or g. Its

standard-deviation — replacing (16) in (9) — is also budget and mean invariant:

9of course, (14) and (15) hold for any asset r included in the efficient portfolio, in which case V_ is

the column of V containing r’s variance and covariances with all other assets. That is, due to symmetry of V,

=V vl pandV =V’ vl V always.



(17) o, =0 . =wvipZ/@wvly

a' HWy
LW,

Finally, the appropriate concept to use for p is that of a rate of return (including
appreciation) “net” of invested capital (it is r, not 1 + r...), which (but) we are implicitly
assuming that will be recovered. That is, we want to maximize wealth after the realization
of returns. If g is available, and we invest L’ W, we will obtain u” W + L’ W, but we still
“kept” aside g — L’ W (say, as cash-balances, as in Tobin’s liquidity preference theory -
then, these unused funds are indeed kept as an existing risk-less asset with zero return... Or
used them for consumption.) that was not used 11: summing both, we get W* u + g, which
justifies optimization on W’ u — and a is defined in terms of expected earnings excluding
invested capital: the constraint is, still, W’ pn + g > a + g. Putting it differently, we get W’ n
+ L’ W, but we had to “advance, put down” our (work, consumption option...) L’W
before-hand...

3. Risk-Free Asset and the Budget Constraint. Let there be a risk-free asset in
the economy and Wy denote the amount to be invested in such an asset, with unit return p,

and a potential choice along with the other n assets. Such risk-free asset would be the only
one held: under the conditions of the previous problem, if pg > 0, it would always be

possible to achieve a given a with zero variance by the appropriate choice of W = a/p,

(in the dual perspective, to attain a given variance we could always improve expected
return). Then, additional restrictions must be imposed (exist): in the previous problem, the
only cost of expected return is risk, which with a risk-free (and free...) asset is totally

neutralized...
Let g be the amount to be invested, p; refer the expected returns of a monetary unit

applied to asset 1, W; the amount to allocate to it, V the covariance matrix of the returns to
unitary applications in the n assets. Vector W and the scalar W, should satisfy:
(18) LW+ Wy =g

10 When the available assets are rescaled, their return vector is pre-multiplied by a diagonal non-

singular matrix P and (5), (8), (9) and (10) will stand. The new optimal portfolio will be P-IW; . Relative

weights — (7) — change — they are now measured in (different, meaningfully summable) monetary units of
PV~'u

L'PV 4

11 And did (do) not get wasted... If they did, we should then replace L by (1L + L) in the formulas and

investment...-, to , but they still are independent of a.

consider a as return plus investment — or replace it by o + g.



In any optimal solution, provided that py > 0, this budget constraint will always be

exhausted — i.e., work in equality. That because — recall the dual problem structure — if a
minimum variance is achieved with less than g, we will always raise the expected value of
the portfolio by allocating the rest of the budget to any totally safe security that is
positively rewarded. This implies that we can always collapse it into the other restriction,
stating the minimum required return:
u’W+p0WO =uww+ po(g—L’W) > a

Normalizing in (dividing the equation by) g is then justified — the implicit
treatment of the problem in the shares (1 = L’ W) is therefore commonly pursued in the
literature -, but does not allow for g = 0. We shall keep the general format and both
restrictions separated.

Again, u refer earnings rates. We are maximizing the expected value of detained
wealth, g, through (after) the investment decision: the returns plus invested capital (u” W +
g Wo + L W + W), plus the value of hypothetically unused resources that were kept
aside (g - L” W - W) 12 Summing both, we get ww W + Ho Wq + g: the implicit return
constraint is > W+ pg Wy + g > o+ g. As the budget constraint is going to be satisfied,

it could also be stated in terms of W only asu” W + pg (g—L* W) 2 a.
The appropriate lagrangean can then be written as:
Min W VW + A - wW-pgWpo)+tv(g- L”W-W)

W Wy, 4,v

where A and v denote the multipliers (v is stated as to be negative). F.O.C. imply:

(19) S_Vb =2WV-Ap -vL= 0(a(lxn) vector)
(20) o A v = 0 (ascalar)
e Ho
21 Loy Wy = 0 (ascal
(21) a—a-uw-uo 0= (a scalar)
oL ,
(22) — =g-L’W-W, =0 (ascalar)
ov
Replacing the second condition,
(23) v = -y

in the first condition and solving for W, we derive:

12 We could assume - superimpose - that these would have been nonetheless “lent”, capitalized, at rate
Mo and add (g—L° W - WO) a+ uo) — and sum with applied funds w’ W + Ho (g—L” W)+ g. As long as Ho

> 0, either the budget constraint is satisfied and the term is zero, or it is indifferent.



_ 1 -1
(24) W—EXV (L-poL)

Replacing the last FOC condition,

(25) Wo=g-L'W
in the third:
(26) (m-pogL)Y W = (a-pgg)

; 1 I : .
As (n-pgL) W= ) A(p-pyLl) Vl(u-uOL) = (a - pgy &), in the optimal

solution A = A :
- sy - AW, VW,
27) A =2[(u-p0L)Vl(u-uOL)]l(a-pog)z%
Of course, o > i g: if not, zero variance would be achieved by just subscribing to

the risk-less asset. Replacing in (24):

*

(28) W, = V9 (u-pgD) [(r-pmyL) V(- DI (0- g 2)
Among themselves, the relative weights of the n assets in the optimal portfolio are

mean (o) and budget (g) invariant — defining the composition of (a unit of investment in)
the optimal risky basket -, but will depend on the expected return of the risk-less asset, py:

*

—1 _
(29) Wa _ = \ 7(1/1 Hy L)
L'W, L'V ™ (u— L)
As V is positive definite, (i - py L)’ vl (u-pgL)>0;and LW, =g>0,L’ vl
(1 - py L) > 0 and hence L’ vl n>pg L v1L, [(n - po L) vl (1 - pg L)] > 0 thus

implies (with p > 0) p’ v (L-poL)>py L’ v (m-poL)>0:p v B> o W viL
=po L’ vl p. Then, it must be the case that:

(30) WVl > pgw vIL=p, L' vip>p 2L vIie >o
For interior solutions,

31) Mo < W VIn/ VD = o

and

(32) po < L VIn/ (@ vIL) = o

otherwise, the asset composition must (have...) changed.

Per unit of investment, g:

*

(33) ‘% =V kg D) [ LV G-k LT (- )

The weights of the risky assets in the optimal portfolio decrease with g to achieve

a given a, and increase linearly with the required o at given g - and with the required o per

-10 -



: D : a . .
unit of budget application, i.e., with > = —. We could re-write the problem in terms of the

g
same parameters, replacing o by a = g o’ in all the expressions; then, for given a’, those

weights (each asset share on the budget) do not depend on the budget g.

Complementarily:
G4 Wo* = g-L V' @u-pyL) [k-po Ly V' (-py DI (- 1y 2)
and
A syl s -l 1,
(35) r} =1-L’V (u-poL) [(m-poL) V' (n-pyL)] (E'M())

The optimal weight (share) of the risk-free asset in the budget decreases linearly

. a . . . . .
with o> = — and it is proportional to the desired surplus (excess) relative to the risk-free

asset return, (o’ - ) and it does not depend (otherwise) on g, the budget.

W* 2 0 and the solution defines the position of a lender at the risk-less asset rate
iff — using (34):
(36) % = o’ < [(-pg L) V7 (- L)+ LV (- g L) pgl/

/I V! (- D] = o =

' *

) - 2 - Wa
= WV (u-pg DI/L V! (- L) = 2
L'W,

If Wy* is smaller than 0, the solution represents that of a borrower at the risk-less-

rate and it is only possible if, in fact, W, is unrestricted: if not, for o’ > o’## a restricted

solution must be sought. o’## - using (29) - also equals the expected return of the (per) unit
pW,

of investment in the (generic, due to (29)) optimal risky basket, -
The minimum variance of the optimal portfolio is:
(37 o =W VW, = [(n-poL)y V! (u-py D7 (@-pye)? =
= g [(u- Ho L)’ v (u- Ho Lyt (% - uo)2
Its standard deviation is going to be proportional to the expected value of applied

. : ..« .
resources, g, if we redefine the target mean per unit of application, i.e., —, and — at given g

- still linear in o (or a’), now proportional to the excess return relative to the risk-free asset,

(% 1) = (o= ug).

-11 -



(38) o = el-ug Ly V! (oo I (- ko)

B3 1 B3 Py - - )
or 0w = 5 % = [-ug L VI (u-pg I (- o)
The standard deviation of the unit application in the risky basket - o, / L’W* - is
thus:
_ ny/ -1 _ 1/2
(39) O-;,;m — U;,W* — [(/Ll #O'L)il\/ (lu lu()L)]
T L'V (= L)
It is now the case that:
%2
(40) A= 02Ce
a— K9
To increase the mean return of an efficient portfolio by one unit, the optimal
%2
. . : . . 2 1
portfolio will see its variance proportionally increased by (= do, — by (37)).

o — Hy9 da o

(24

To increase the mean return per unit application on the efficient portfolio by one unit, the
2

a_,uo.

. D . 2
variance of such application is raised proportionately by p =

5_/“0

Also, the change in variance achieved, for given o, when the budget increases by
one unit is (negative and):
(41) V:; — a(Vvoz VWa) —

- -2 g [n-po L V7 (w-po DI (- g g) =

%2
o

o — 9

As a final appraisal, we conclude that all the efficient portfolio formulas derived

:_2“0

for the case where the risk-free asset was absent apply now if we replace the vector of mean
returns p by its deviation relative to the risk-free asset return, (u - L p) — the covariance

matrix of those excess returns relative to ) being, of course, also V — and if we replace a

by (a - g py) for the general efficient portfolio, by (a” - py) for the unitary portfolio. That

is, if we redefine the relevant returns (of a unitary portfolio) as the deviation from the risk-
free asset return.

. Consider the possibilities offered for the unitary application, that is define o’ = o

/ g or admit g = 1. In space (o,., &’), the opportunity set, bordered by (38) is a straight-

line, crosses the vertical axis at level Hos and has slope [(u - Ho Ly vl (p - Ho L)]l/ 2

-12 -



translating how much more expected return can be obtained if one is willing to take an

additional unit of standard-deviation in a portfolio -, which (because V is positive-definite)
decreases with Ho- It is a line like Hoa, depicted in Fig. 1 below:

ulﬂﬁﬁ

v

Fig. 1

For o’ < o’## - over HoB - the (risk-averse) individuals will combine — according

to their preferences and budget — risk-less asset and optimal risky basket (of unit
composition defined by (29)). For o’ > o’#, the individuals borrow at the risk-less asset

rate to finance investment in the risky basket.

. An un-held security r will be such that for the optimal solution the corresponding
single equation in (19) will hold in inequality, i.e.:
(42) QWO V> AtV or p<py+ V.V (u-pyl)

where p . is the expected value of each of its units and V. the column-vector

containing the covariance between its unitary return and those of the included assets.

4. Borrowing Restrictions. We impose W, > 0 for i =1,2,...,n: we are modeling
demand over existing assets. We allow W* to be negative - the individual can lend W, as
borrow -W, of the risk-free asset 0 at unit cost . For an institutional investor (say, bank,

government) buying/promoting the portfolio, a negative Wy may be possible and it has a

meaning: it can take a “short position” on the risk-less asset, say borrowing at a fixed

interest rate. Moreover, any loan has some collateral as long as it is applied in the purchase
of assets — the assets themselves. Then the market line is indeed the straight line pa.

-13 -



If it must be the case that WO* > 0, then, for o’ > oc’##, we enter into the corner
solution for which Wy* = 0. Then the problem solves the lagrangean form:
Min WVW+ A(a - ”W)+v(g- L°W)

W.W,,4,v
The optimal solution — provided the same assets keep being active in the portfolio

- satisfies the system:

(43) 2VW =Ap +vL

(44) oa=ww

(45) g=LW

From the first expression,

(46) W=%V'1(xu +vL)
Pre-multiplying by p’ and L’ respectively:

(47) a=u’W=%u’V'l(Xp +vL)
and:

(48) g=L’W=%L’V’1(M,L +vL)

We can solve for:
@) v =2[gp Vip-al Vi L VILw vip- @ v p? -
=2g[w V- LV /L VL w Vp- @V <0
(50) A =2l VIL-gLvipg/mvicwvip-@ vl pi=
=2gl L’ VIL-L'Vvipgy/Lvice vip-@ viwi=o
5 W=V {a [(LVID p-g @V LI+ g [(WV W L- @V uly/
IVt vip-@ vip?=
=gV (@ VIDp-@ VI L+ @ vipL-@ vipu/
/ILVILw V- v
The optimal asset shares, W* / L’W* = W* / g_are invariant to g, but now not to
level of required expected return, o, and the homogeneity of the “optimal risky basket”
breaks down. The unit return of optimal investments in risky assets equals that of the
portfolio itself, is, of course, variable with, and equal to o’: p W* /L’W o/ g=a’.
Inferring the opportunity locus:

%2

(52) W* VW = g =
[a@L V'L-gL' VI +g@Ew vipn-al v/
IV Lw V- @ v )
=2 [ (@ L VIL-LVIp+@w vipg-oLviw]/
/ILVILw vip-@ v

- 14 -



or
(53) or = {[@@LV'L-L'VIw+@vip-ow L v/
IV Lw V- @ v 2

Now, (53) coincides with the standard-deviation of one unit application in risky
assets and depends on the required o’.

Of course, at o’ = o’## - point B in Fig. 1 - the curve (53) touches the unrestricted
linear line (38) — and must be to its south-east in space (o, a’). Above it — for o’ > o -
, the restricted curve would be below that line, slope upward, and be concave in space (o,
o’). That is:

(54) e @ vIiL-L vy

da'
(@@L VIL-U'VIy+@w vipg-o L vipri?s
SV L v - @ v 2

2 *
(55) (jj Uz' — [a’ ((X, La V-l L _ La V—l H) + (H’ V—l H _ (1, L’ V—l H)]_3/2
a
20_*
5 ""' must be positive. Hence, the new line — positively sloped for o’ > o,
a
that coincides with the bound (32), such that:
(56) ot =@ v n /(@ v

— must be concave in space (o,., a’). One can show easily show that it is tangent
to the linear market line at o’ = o’## = [’ v (n-po D/ [L v (1 - ng L)] (of (36)) —

that is, that (54) evaluated at o equals the slope of line (38) and that (53) at o equals
the standard deviation given by (38) for the same level — it is drawn in Fig. 1.
do_“" =0, i.e., at
a

The standard deviation reaches a minimum — also in Fig. 1 - at

o’ ### which for an interior solution — from (32) -, must be larger than p,.

. We should note the following: we could think that a specialization in risky assets
would provide an opportunity given by the line o, = (W’ vl u)'l/ 2o If Ho < (L’ vl )

/(L vl L)or L’ v (1 - ng L) > 0, such line has higher slope than (38) in space (o,
), o, = [(n- Ho L)’ v (1- Ko L)]'l/2 (a’- pg), and crosses it at:
57 @ =pg W VT VT - [ g DV - g DI
For o > o™, the line would become (9) with a replaced by o, i.e., of form: o,

= (W v u)'l/ 2 - provided that the numerator of (7) is still non-negative and the same

assets are included in the new optimal portfolio.

-15 -



Yet, enduring a given (g O';), the maximum (o’ g) is attained over (38), not over

(9) - a different combination of assets would have to be optimal in the two problems, which

would be a contradiction.

. Finally, we may replaced p; by 0 and leave W, in the budget constraint with the

role of a slack variable in the problem of section 3 and recover the unconstrained solution
of section 2 — applying if the unused funds are used for consumption and there is no risk-
less asset. The market line is still a straight line obeying conditions (27) to (38) with p,
replaced by 0 (but now v, = 0) while Wo*=g-L’ vl no(w ‘s u)'l o >0, i.e., for:

(58) o <@ Vi@V = ot

as stated in (16). While the condition holds, not all the budget g is exhausted to
attain the given minimum variance achievable for a given a’. Above it — for a’ > o’# -, we
fall on the solutions (49) to (53) — unless we can borrow at a zero interest rate. Graphically

— in Fig. 1 -, the ray that intercepts the restricted line (53), does it at a’#; its slope is then
that of (9): (W’ vl u)l/z. (oc’### < o’# < o’ and all must be higher than “O')

It is arguable that if there is no risk-less asset at all, then, the bound would become
o’ ## with H replaced by minus 1. For

o < [V @+ D]/ [L VT (D)) = o #H

the solution of section 2 would hold with p replaced by (u + L) 13 and for a
defined as return plus investment (i.e., replaced by a + g) - or that of section 3 with p,
replaced by minus 1, which is a legitimate “return” (total loss, discarding...) to holding
unused wealth. For a’ < o’ #### _ and, for positively sloped tangency to the curved market
line (53) at that point, o H < o # but, still, o HHHE > o - we would optimize by
“destroying” wealth. As this is not a reasonable behavior — even if one would think that
definitely a lower bound for our expectations -, we would rather consume the unused

resources as assumed - which requires a more complex framework to model.

. If there are borrowing constraints and - W, is bounded by - W’, potentially

larger than O, if the restriction is binding, i.e., whenever for W* from (28), L’ W* > g -
W', the current optimal solutions would be valid with g replaced by g - Wy” and a by (a. -

1o Wo’) — in formulations with o, not o’.

13 See footnote 11.
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5. Full Borrowing and Pure Risk. An interesting special case is that of a
complete borrower, for which g = 0 and that chooses, therefore, — WO > (. Then, L’W* = -

WO*, and expressions with a hold — (27) to (32), (34), (37) — with g replaced by 0... Yet,

the equation that drives the market line, (38), becomes a ray with the same slope as the one

before:
(59) o, = -1y L’ V! -y LI

This case is interesting in macroeconomic terms because it internalizes more
explicitly the opportunity cost of capital, p1y) — which would be endogenous at the macro

level: paid to more risk-averse lenders by less risk-averse gamblers/borrowers (with the
equilibrium p) insuring equality between total, aggregate demand and supply...).

Income a is obtainable without any funds, and solely by bearing risk... As
(60) @ = [(n-pyLy V' (n-py D10
[(n-poLly vl (1 - 1o L)]l/2 is the expected price of pure risk, the expected yield

of one standard deviation of return volatility — it coincides with the slope of the general
market line in space (o,., &), of the inverse function of (38). On the other hand, p> W* =

a - uy Wio* becomes the observed portfolio return involving the (borrowed) “investment” -

' LYY

HW, o'W,
a )

1s still constant

Wy*; then the expected return of an unitary application,

(using (34)):
(61) IU'W; — IU'W; — #'V_l(lLl_lLlOL) = r*
L'W, -W, L'V (- L)

as (r* - pg) (- Wy™) = o, replacing in (59), we obtain a form analogous to (38),
(62) o, = [(n-pg Ly V' (- pg DIV (% - pg) (- Wo*)
but, in fact, endogenously determined and independent of a or r*. Also:

. - a2 YT (= ) _
(63 o = ULV (- DI LS S - ol
_ [ue—p L)'V (-
LV (1~ 4,L)
We note that r* equals o’ ## of (36) and o, = O';## of (39).

Now, it is as if g became costly and endogenous... With no cost, we return to the

first problem...

If WO is bounded by - WO’, if the restriction becomes active, i.e., whenever for
W* from (28) evaluated at g =0, L” W* > - W’:
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©4) LW, = L'V (u-pgL) [(n-pgL) V' (u-po DI a>- Wy

that is, for:

©65) o> Wy l(-pg L V(- pg DI/L VY (- g )]
or
66)  a/-Wo)> [(-ngLy V' (-ng DI/[L V! (- g L))

we would subscribe to the structure of the problem of section 4 and the optimal
solutions therein would be valid for g replaced by - Wy and a by (a - py Wy') — in

formulations with o, not o.’.

. Finally, consider an institution manages assets for which positive W;’s contained
in vector Wy are possible, and that also has (potential) creditors (“wealth” depositors) for
which negative W.’s in W are possible such that it is choosing in the problem of section 3
(or of section 2, if py = 0) a vector W = (W, Wp)’ compatible with those restrictions.
Provided that Cov(ug , up) is (a matrix of) 0(s) - V is block diagonal: V = diag(Vy, Vp) -,

IS
L'V, (e — 5L
independent of o and that the expected return on the optimal asset applications would be
V(= L)
L'V (s = #5L)
loans) requires that L.’ VL'1 (up -pg)<-L° VB'1 (ug - 1o D).

it is still true that the asset composition Wy */(L"Wy *) = is going to be

. For the solution to be possible for g = 0, (34) > 0 (more deposits than

6. Market Betas. Consider a general portfolio G, wo, containing a fraction WiG

of (risky) security i and no risk-less asset, and the assumptions of section 3. Then, its
expected return is @’ wo = wo pn= RO. The covariance between its return and that of the

optimal portfolio (for the range where it combines with the risk-free asset) is
(67) Cov(wW9, ww') = WS vw' =

= WOVVT - L) (- gL V(- DI (- g g) =
W (g L) (- L)V (u-pp DT (@-ng o) =
= R -y WOL) [(-pg L) V! (- DI (- pp ) =

* %2
_ (RG-MO wo'L) A _ (RG-HO wo'L)
2 a—gu,

or
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Cov(u'W®,u'w,)
%2

a

(68) RE-py WOL = (a-pp g)

An application of the asset wo'L = g, equivalent to that for which the optimal
portfolio was derived, could be replaced in the expression. Or confronting unitary
applications, i.e., imposing g = 1, and WO°L = 1. Notice however, that WO'L = 1 restricts
the current portfolio, unlike the efficient one, to include no risk-less asset — but RY should

be added by the same amount to reproduce the return to G. (68) becomes:
Cov(u'W®,u'w.)
% 2

(69) RY- g = (@ - 1g)

Then, for any isolated (risky) asset i in amount u, with expected value wh pn= Ri,
where W' denotes a column-vector of 0’s except on row i — including the case where u,

denotes the total amount of asset i in the market, Efu]= Ri= 15

(70)  Cov(u, wW,) = R'-pg) [(-poL) V' (- g DI (- ny e) =

%2

. A . o
= (R'-pp) = = R'-py) —=4
072 0 a—gu,
: S Cov(u;,u'W,
or  Rl-pg=[-pyLly V' (u-pyD) LoV, u W, )
o — 1,9
Cov(u;,u'W, Cov(u,u'W,;
_ o Covlu,uW,) _ (o 1g 2) Cov(u,uW, )

A

a a

For g =1 — with reference to the unit application on of the efficient portfolio -, the

last expression reproduces the configuration of the “security market line” 14:

i Cov(u;,u'W,
(71) R'- Ho = (- M()) (—2)
Define the market portfolio, M, as the one including all of its securities and
recover the 1;’s as denoting the aggregate return for asset i. Then:

*2
72 o - - RM -, wML i
(72) (a-pyg = ( Ho )Cov(u'L,u'Wa)
Cov(u'L,u'w.)

Ry — L' W™

or  (a-pg@ = [(n-pg L) V' (u-pg L]

Then, for one unit of an isolated asset:
Cov(u;,u'W.)

73 Ri-py)=RM -, WML )
(73) (R- ) = R - g WMLy S0

14 See Merton (1982), and Sharpe (1964) to whom it is there attributed.
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WML does not include the allocation of the risk-less asset, but neither does RM,
With its addition:
- * Cov(u;,u*'W’
(74) (Ri- pg) = (RM" - ) U™ W)

Cov(u*'L,u*'W.)

where RM” refers the expected return per monetary unit. The expected return of an
existing asset in the market portfolio in excess of the return of the risk-free asset is a
fraction of the market overall per unit excess return over the risk-free asset’s times the ratio
of the covariance of i’s return with any optimal portfolio divided by the covariance of the
market portfolio’s return with that of the same optimal portfolio 1.

. Let us now consider the same type of manipulation but for portfolios generated
under constrained borrowing — i.e., under conditions of section 4. Then, using (43), the

covariance between the returns of portfolio G and an optimal portfolio is:

(75) Cov(w WO, wW )= WO VW' = %WG’(X p+vl)= %(RG A%+ v WO'L)

Let G involve a unitary application, such that wO'L = 1, and the market portfolio
denote the unitary application as well. It is then easy to infer using (49) and (50) that:

% 2 ' G ' *
(76) RG — (o - 203, )42 Cov(u W* ,U'W_ )
A A
* 2 * *
A,. Tepresents 0o, 2 o), 00, , where 00, refers the slope of the (convex)
oa' oa' oa'
market line at o’. That is:
* np/ G npas*
(77) RG — (a’ _ Ga; ) + COV(U W ai-‘l Wa')
oo, » 00,
o,
oa' oa'
Also:
(78) RO > o iff Cov(u'We,u'wW))> o

15 we did not inspect pricing conditions under which, in equilibrium, all market securities will be
held — that would require introducing consumers, price of securities, decreasing its expected value, and, if
there are no left-out securities of the optimal portfolio, eventually lead to W* = L — that is, the market and

efficient portfolios coincide. That was beyond the scope of this short note.
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Appendix

Assume that the function to be minimized has also a linear part in W — that is, let
C be a (1xn) vector; then C W is added to W’VW; we require V to be symmetric and — for
SOC for a minimum to be satisfied — positive definite. We admit that m (independent)
linear restrictions must be satisfied, m < n: o is an (mx1) column-vector, p an (n x m)

matrix. We want to:
I\/Vlvin WVW + CW

Denoting by A an m-row (mxl) column vector containing the Lagrange

multipliers, we can write:
Min LOW,A) = W VW +CW+ X (a0 - i’ W)
W,

where A denotes the multiplier. F.O.C. imply:

oo 2WV +C - A = 0(a(lxn)vector)
oW

oL ,

Py = o - W W= 0(an(mx 1) vector)

Then, one can show, using similar steps as in the text, that:

o= wVvipta+rwvice)

wE = (VI2) [ Vi Qo+ viie) -0

W VW + CW* = (1/4) [2 o+ wVICy (wv '@ o+ wvicy -cvie

-24 -



